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A new, structurally compliant design for a rocket engine combustion chamber has been validated through analysis
and experiment. Subscale, tubular channel chambers have been cyclically tested and analytically evaluated. Cyclic
lives were determined to have a potential for 1000% increase over those of rectangular channel designs, the
current state of the art. Greater structural compliance in the circumferential direction gave rise to lower thermal
strains during hot firing, resulting in lower thermal strain ratcheting and longer predicted fatigue lives. Thermal,
structural, and durability analyses of the combustion-chamber design, involving cyclic temperatures, strains, and
low-cycle fatigue lives, have corroborated the experimental observations.

Nomenclature

= material constant, s™!
= back stress, MPa
= drag stress, MPa
= material constant, MPa
= Young’s modulus, MPa
= material constant, MPa
= material constant, MPa
= second invariant of effective stress
= Boltzmann constant, J/mol K
= material constant, MPa
= constant
= recovery function
= deviatoric stress, MPa
= material constant, MPa
= temperature, K or °C
e = total strain range, mm/mm
= Kronecker delta
= strain, mm/mm
= thermal diffusivity function
= Poisson’s ratio
- = effective stress, MPa
= stress, MPa
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Subscripts

A = absolute temperature, K
e = von Mises stress or strain

i, = components (stress or strain)

m = melting temperature of material, K
1,2,3 = principal stresses or strains
Superscript

. = derivative with respect to time
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Introduction

OCKET combustion chambers, such as the one used in the

Space Shuttle main engine, operate at extremely high heat flux
(163.5 J/mm? s) at the throat. The high heat flux results from high-
temperature (3315°C), high-pressure (20 MPa) combustion gases.
Active cooling of the chamber is mandatory to keep the hot-gas-side
wall material from melting. The choice of materials for constructing
the hot-gas-side wall is limited. Only materials with extremely high
thermal conductivity can survive in these severe environments with-
out melting or otherwise losing their structural integrity. Copper and
dilute copper-base alloys offer the highest possible thermal conduc-
tivity with mechanical properties sufficient to withstand static and
cyclic loading.

The mechanical durability of copper chambers can be limited by
several potential failure modes: creep rupture, low-cycle thermal
fatigue, and thermal-mechanical ratcheting. The useful life of the
throat region of the Space Shuttle main engine, a rectangular channel
chamber, is governed by thermal-mechanical ratcheting. Ratchet-
ing takes the form of local bulging and thinning of the rectangular
channel wall separating the hot-gas and coolant sides, as indicated
by the “doghouse” configuration in Fig. 1 (from Ref. 1). The rate of
ratcheting and wall thinning depends strongly on the severity of ther-
mal loading (both maximum temperature and thermal gradients), the
thermal and structural compliance, and the geometry of the com-
bustion chamber, and to a lesser extent on the material strength and
ductility. Elimination of the ratcheting failure mode by improving
material strength and ductility is highly unlikely, because extremely
large increases in material properties are required. Only incremental
improvements in material properties are presently feasible. How-
ever, as seen from the results of the current experimental and ana-
lytical study, significant improvements can be made in the geometry
of the cooling channels, and these considerably reduce the amount
of ratcheting and thereby extend life. Unfortunately, the type of
expected failure (thermal-mechanical ratcheting) cannot be ana-
Iytically modeled within the present state of the art. Both thermal-
mechanical ratcheting and fatigue are dominated by the strain range;
therefore, it is reasonable to infer that a fatigue analysis would pro-
vide a fair estimate of the relative lives of channel geometries.

In this study the structural durabilities of a tubular channel cham-
ber (Fig. 2) and a rectangular channel chamber were compared.
Experimentally, subscale hardware was designed and tested to iso-
late the effects of geometry on thrust-chamber life. The experimental
hardware was modeled analytically. A new viscoplastic, constitutive
stress-strain model for copper was incorporated into the chamber
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Fig. 1 Milled rectangular channel.
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GH infet

v

’
’
-

LO, injet

R

models, and the two configurations were compared at nominal op-
erating conditions. The experimental results from subscale chamber
testing confirmed the expectations of the analyses, that significant
improvements in cyclic durability can be expected from more com-
pliant, less-constrained channel constructions.

Experimental Investigation

The testing of both chamber designs has been previously reported,
i.e., rectangular channel testing' and the tubular channel testing.?
The apparatus, test procedure, and results are summarized here.

Apparatus

A broad base of data on copper-alloy combustion chambers with
rectangular channel coolant passages has been obtained on a low-
cost, subscale rocket engine test apparatus, shown in Fig. 3. The
apparatus is used to study the cyclic durability of rocket chamber
walls, to screen candidate chamber-wall materials, and to evalu-
ate fabrication techniques for improved life and performance. The
test apparatus consists of an annular injector; a 15-cm-long, liquid-
hydrogen-cooled outer cylinder, which serves as the test chamber;
and a water-cooled centerbody, which forms the combustion, sonic
throat, and expansion sections of an annular rocket engine. It is at
the sonic throat station that the maximum heat flux is encountered,
and this location is studied for fatigue. The standard test-chamber
configuration has 72 rectangular coolant passages.!

A variation of this standard configuration was used for the com-
parison reported herein. A new test chamber was designed with
a stacked bundle of 72 oxygen-free, high-conductivity (OFHC)
copper tubes as the coolant passages (Fig. 4). The same number
of coolant passages is used in the standard rectangular channel
chambers, thus allowing direct comparison of results. To provide
a coolant-flow area equivalent to the rectangular channel configu-
ration and to maintain the same wall thickness, round tubes were
required to be “booked” (i.e., compressed to form the oval shape
shown in Fig. 5).

Procedure

The test procedure for the tubular channel chambers was identical
to that used for fatigue tests of the rectangular channel chambers.!
Gaseous hydrogen and liquid oxygen were used as propellants at
a nominal mixture ratio of 6.0 at a chamber pressure of 4.14 MPa.
The maximum hot-gas-side wall temperature was controlled by a
separate mass flow of liquid hydrogen through the coolant passages.
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Fig. 3 Subscale rocket engine test apparatus.
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Fig. 4 Stack of OFHC copper tubes 'and completed subscale thrust
chamber.

0.3489-cm diam = ~ 0.1960 cm
\ ]
. \ 1
0.1711-cm diam Y Y l‘
]
\\ f
0.0701 em — \ | 0.3738cm

i
!
!
!
i
1
!
i
f

0.0889 cm

2'5j,( F

e 0.3012 cm ———|

Fig. 5 Diagram of tube dimensions (round to booked).
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Fig. 6 Schematic cycle of loading (typical cycle history).

The chamber was fired for 1.7 s to allow it to reach thermal equi-
librium and then shut down for 1.8 s while the coolant continued to
flow to achieve steady-state cold conditions. The total cycle time was
3.5 s (Fig. 6). This cycle was repeated approximately 50 times. The
combustion chamber was then inspected and subjected to another
50 cycles. This sequence was repeated until a combustion-chamber
failure was detected by sensing a coolant passage leak.

Results

Two tubular channel chambers were tested for comparison with
the rectangular channel chambers.! The first chamber was test fired
at the nominal combustion conditions and a hot-gas-side wall tem-
perature of 570°C. Failure occurred after. 637 cycles. The second
chamber was also test fired at nominal combustion conditions but
was run with a hot-gas-side wall temperature of 671°C. This cham-
ber failed after 256 cycles.?

Rectangular channel chambers were tested at the same nominal
operating conditions as the tubular chambers and at a wide range of
hot-gas-side wall temperatures.! The number of cycles to expected
failure for a rectangular channel chamber of this configuration tested
at 538°C is 250 cycles, and for one tested at 671°C was 117 cycles.!
The test-fire results for the two types of chambers show two to three
times more cycles to failure for the tubular chamber.

Analytical Investigation

Finite Element Thermal and Structural Analyses

Accurate predictions of the cyclic lives of the tubular and rect-
angular channels require accurate assessments of the inelastic re-
sponse of these channels. Advanced viscoplastic models treat all
the inelastic strains (including creep, plastic, relaxation, etc.) as a
single entity and thus automatically include any interactions among
them. Viscoplastic models, therefore, provide realistic descriptions
of inelastic response. In this study, a viscoplastic model from Ref. 3
was employed to calculate the inelastic response of the channels.
This viscoplastic model is described briefly in the appendix. The
material constants for copper for this model are given in Table 1.

The constitutive equations of the viscoplastic model are highly
nonlinear and mathematically “stiff.” Applying viscoplastic mod-
els to structural engineering problems, such as the present channel
comparison problem, requires the development of suitable numer-
ical solution technologies employing, for example, the finite ele-
ment method. In the present work, a numerical solution from Ref. 4
was employed. The general-purpose finite element program MARC
(Ref. 5) was used to perform the finite element calculations. Time in-
tegration of the stiff constitutive equations of the viscoplastic model
requires efficient and accurate integration techniques. Because an
explicit integration method does not require the assembly and inver-
sion of Jacobian matrices, a time integration strategy,® based on the
explicit forward Euler method, was employed here. This integra-
tion strategy has been successfully applied to numerous problems
and has been found to work well for problems that involve complex
thermal and/or mechanical loadings.”# The thermoviscoplastic re-
sponse of structural components is also studied in Refs. 9 and 10.

The finite element models for the rectangular and tubular channels

were generated by using the PATRAN program.!! These models are
shown in Fig. 7. Generalized plane-strain, isoparametric elements
‘were used to model the smallest repeating segment of the chamber
walls. The use of these elements facilitated quasi-three-dimensional
analyses for the channels. The rectangular channel model consisted
of 532 elements and 601 nodes, whereas the tubular channel model
was constructed with 552 elements and 615 nodes. These finite
element models were used to perform uncoupled thermal and struc-
tural analyses presented here. The finite element meshes used in the
present work are fine enough to preclude the dependence of results
on the mesh sizes.’

Steady-state heat-transfer analyses were performed to obtain the
temperature profiles for the rectangular and tubular channels. Rel-
evant properties and boundary conditions were input to the MARC
program. The steady-state temperature distributions for the rectan-
gular and tubular channels obtained from these analyses (Fig. 8)
were similar. '

The cyclic thermal and mechanical loadings used in the uncou-
pled thermomechanical finite element analyses are shown in Fig. 6
and Table 2 (also see Ref. 12). The temperatures during the tran-
sient stage of the thermal cycle were obtained from correspond.ng
steady-state temperatures by employing linear interpolation. The
duration of a typical thermal-mechanical cycle was 3.5 s. Time-
varying nodal temperatures and elemental pressure loadings were

Table1 Material constants for copper?

Elastic modulus E, MPa 165000 — 1257, T in °C
Coefficient of thermal

expansion &,°C! 15% 1076 +5x 107°T, T in°C

Poisson’s ratio v 0.34
Constant A, s~ 50 x 108
Constant Dy, MPa 15 -
Constant 2, MPa 500
Constant H, MPa 5000

Limiting value of backstress at kinematic

saturation, L, MPa 25 exp(—T /300)
Constant n 5
Activation energy Q, J/mole 200,000
Constant s, MPa 143
Melting point T,,,, K 1356
Boltzmann constant k, J/mol K, 8.314
2From Ref. 3. )
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Table2 Cyclic temperature and pressure
loading histories®

Wall pressure, MPa

Cold phase Hot phase
Hot-gas side 0.0965 2.78
Coolant side 5.1000 6.55
4From Ref. 12.
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Fig. 7 Finite element models of rectangular and tubular channels.
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Fig. 8 Temperature distribution in rectangular and tubular channels
during fifth cycle.

applied to trace the loading cycle shown in Fig. 6. The variations in
material properties with temperature (see Table 1) were taken into
consideration for these computations. The boundary conditions for
the structural analyses are shown in Fig. 7. The edges A, B, D of
the rectangular channel and E, F, H of the tubular channel were
fixed in the x direction. The edges C of rectangular channel and G
of the tubular channel were fixed in the y direction.

2]

After first cycle

After fifth cycle

Fig. 9 Von Mises stress in rectangular channel after first and fifth
cycles.

The von Mises stress distributions {stress: o, = (1/+/2)[(c1 —
02) + (02.— 03)* + (03 — 61)?1"/?} in the rectangular and tubular
channels are shown in Figs. 9 and 10, respectively. These figures

_exhibit effective stress in the channels at the end of the first and fifth

loading cycles. Examination of these figures reveals a significant
redistribution of effective stress due to inelastic deformation. In the
case of the rectangular channel, for example, at the end of the first
cycle the effective stress in the lower part of the segment was higher
than that in the upper part. But at the end of the fifth cycle, the effec-
tive stress in the lower part of the segment was lower than that in the
upper part. Similar conclusions can be drawn for the tubular chan-
nels. The finite element thermoviscoplastic analyses were carried
out only for five cycles because the stress and strain distributions
in the rectangular and tubular channels were stabilized. Since the
cyclic thermoviscoplastic finite element analyses are computation-
ally intensive, an effort to perform these analyses for a few hundred
cycles is impractical.

Figure 11 shows the maximum von Mises strains {strain: ¢, =
(1/V2)[(e1 — £2)* + (82 — £3)* + (g3 — £1)*1/? Y in the rectangular
and tubular channels during the fifth loading cycle. The maximum
effective strain in the tubular channel was considerably lower than
that in the rectangular channel. Note also from this figure that the
location of maximum effective strains differed for the rectangular
and tubular channels. The deformed shapes of the rectangular and
tubular channels are plotted in Fig. 12 at the end of the fifth cycle.
The deformations in the two channels are magnified by a factor of
1000 to facilitate visual interpretation. The figure shows a signif-
icantly larger deformation of the rectangular channel than of the
tubular channel.

Figures 13 and 14 display the thinning of channel walls in the cir-
cumferential (X) and radial (Y) directions. The values plotted are
at the ends of five loading cycles. The figures reveal that the rectan-
gular channel wall thinned at a more rapid rate than did the tubular
channel wall. For example, at the end of the fifth cycle the thickness
of the rectangular channel wall had been reduced approximately
twice as much as the tubular channel wall thickness. Looking at the
deformed shapes in Fig. 12, the thinning in the radial direction is
quite obvious.

It is clear from this discussion that for the same thermal-
mechanical loading cycles: 1) the deformation of the tubular channel
was strikingly smaller than that of the rectangular channel and 2)
the thinning of the tubular channel wall in the circumferential and
radial directions was much slower than that of the rectangular chan-
nel wall. It may thus be concluded that using a tubular geometry for
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Fig. 10 Von Mises stress in tubular channel after first and fifth cycles.

mm/mm

Fig. 11 Von Mises maximum strain in rectangular and tubular chan-
nels during fifth cycle.

the coolant channel can greatly increase the durability and life of
thrust chambers.

Life Analyses

Life analyses of the rectangular and tubular channel combus-
tion chambers were performed in accordance with an established
procedure referred to as the “local strain™ approach. The principal
elements of this approach are 1) thermal and mechanical (pressure)
mission loads imposed on the chamber, 2) heat transfer coefficients
for the fluids and the structural components, 3) thermal conductivity
and thermal expansion properties of the material, 4) cyclic elasto-
plastic constitutive stress—strain-temperature—time behavior of the
material, and 5) low-cycle fatigue behavior of the material as repre-
sented by the cyclic effective plastic strain range vs the cyclic crack
initiation life.

The first four elements are used as input to finite element analyses,
which produce an output of local stresses, strains, and temperatures
for each element as a function of mission operation time. Scanning
the output locates the critical finite elements where temperature
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Fig. 12 Deformed shapes of rectangular and tubular channels after
five cycles (magnification factor = 1000).
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Fig. 13 Thinning in x direction of rectangular and tubular channel
walls after different numbers of cycles.
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Fig. 14 Thinning in y direction of rectangular and tubular channel
walls after different numbers of cycles.

extremes and strain range are largest and that hence are the most
likely locations for thermal low-cycle fatigue cracks to initiate. The
cyclic crack initiation life of the liner is assumed to be the same as
the cyclic life of an axially loaded laboratory coupon when each is
subjected to the same total effective strain range, Ae,.

The thermal-mechanical loading cycle shown in Fig. 6 was ap-
plied repeatedly to both chamber designs. The maximum and min-
imum temperatures, effective strains, and effective stresses at the
most critical location for each chamber design are presented in
Table 3. This information evolved from the thermal and struc-
tural analyses of the chambers as they were cycled between the
temperature extremes of the mission loading cycle. Supplemental



650 JANKOVSKY ET AL.

Table 3 Temperatures and ranges of stress and strain at critical
locations in rectangular and tubular channels

Metal temperature, Effective Effective
°C strain range, %
stressrange, .. "'

Channel Max. Min. MPa Total  Plastic
Rectangular 538 —218 167 2.60 2.46
Tubular 445 —218 210 1.05 0.87
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Fig. 15 Low-cycle fatigue resistance of OFHC copper at 538°C in
argon at cyclic strain rate of 0.2%/s.

calculations indicated that the pressure loading, acting alone, would
have a negligible effect on the deformation and life of the cham-
bers (i.e., the pressure-induced stresses were well below the yield
strength of the material at the nominal maximum operating temper-
ature of 538°C). The associated creep rates also were small. Despite
the small influence of pressure when acting alone, the simultane-
ous application of the pressure loading and the thermal gradients
gave rise to large cyclic strains and an accelerated rate of ratcheting.
The contribution to the range of total strain at the critical location
due to the thermal gradient (and associated thermal constraint) was
2.6% for the rectangular channel design (of which 2.46 percentage
points was plastic strain) and 1.05% for the tubular channel design
(of which 0.87 percentage point was plastic strain). The time per
cycle was extremely short (3.5 s), and only 2.3 s was spent at tem-
peratures above the minimum cryogenic level. Consequently, during
heating and cooling, the average strain rate was quite high (on the
order of 1-to 2%l/s). Because of the high strain rate, insufficient
time was available for appreciable time-dependent, thermally acti-
vated creep deformation to occur. Any creep that might be present
would occur most likely as stress relaxation during the brief (0.8 s)
hold period at maximum temperature. Local stress relaxation of as
much as 10% from the peak compressive stress would introduce
a compressive creep strain of less than about 0.01%. This strain
is approximately three orders of magnitude smaller than the plastic
strain range and would not be expected to affect the cyclic life of the
channel wall. Consequently, for nominal chamber operation there
was little concern for creep—fatigue interaction during hot-fire test-
ing of the chambers, and the life-prediction analysis was simplified
to a simple cyclic elastoplastic condition.

Pertinent high-temperature, low-cycle, plastic-strain fatigue data
have been reported!® for annealed OFHC copper at 538°C in a
nonoxidizing argon atmosphere. These data are shown in Fig. 15 as
total effective plastic strain range versus cycles to crack initiation.
The data had been generated at a cyclic strain rate of 0.2%/s, which
is about one-tenth the rates experienced in the chambers. At this
cyclic strain rate the extent of time-dependent, thermally activated
cyclic creep strain is negligible. Hence, the data meet an impor-
tant criterion for applicability to the current analyses—negligible
creep—fatigue interaction.

Another important criterion forusing Conway’s isothermal data is
their applicability to the variable temperatures experienced through-
out the mission cycle of the combustion chambers. Because the
tensile ductility of OFHC copper is virtually insensitive to tempera-
ture, it is expected that the low-cycle fatigue resistance (plastic strain
range versus life) will also be insensitive to temperature.'* Tensile-
test reduction of area varies from 81 to 98% over the temperature

range of concern (approximately —218 to 538°C). If the fatigue
failure relation is independent of temperature, and only one defor-
mation mechanism is present (cyclic plasticity), it is reasonable to
assume that the fatigue failure relation will be directly applicable to
the thermal cycling conditions being considered. In other words, one
curve, determined at any isothermal temperature within the cyclic
range of —218 to 538°C, should be applicable to all temperatures
within the range if the strains in the cycle are predominantly plas-
tic. The latter was the case for both the isothermal fatigue test data
and the strains occurring at the critical locations within the cham-
bers. Note that environmental oxidation interaction was precluded
by use of an inert argon atmosphere for coupon testing and by the
hydrogen-rich, reducing atmosphere present during chamber test-
ing. Note also that OFHC copper is not embrittled by the presence
of hydrogen.”

For temperatures far above 538°C, however, creep and associ-
ated creep damage cannot be ignored, because they increase with
temperature at an exponential rate. Some of the chamber tests expe-
rienced temperatures as high as 671°C; therefore, creep strain due to
the internal channel pressure acting alone would become (based on
a simple Larson-Miller parameter'®) nearly three orders of magni-
tude greater than at 538°C. Consequently, the time-dependent defor-
mation would become a nonnegligible fraction of the plastic strain,
with a resultant loss in cyclic life expectancy. Quantitatively accept-
able calculations of the creep-strain contributions were not possible
without performing three-dimensional finite element viscoplasticity
analyses for the highest-temperature chamber tests. Qualitatively, a
large decrease (approaching an order of magnitude in life) in cyclic
durability could be expected.

Predicting fatigue-crack initiation life for the tubular and rect-
angular chamber designs under nominal thermal and mechanical
loading conditions is a rather simple task. The two equivalent plas-
tic strain ranges of 2.46 and 0.87% were entered into the Manson—
Coffin law shown in Fig. 15, and the respective cyclic lifes of 70
to 750 cycles to failure were determined. The greater fatigue life
of the tubular than the rectangular channel design is significant. A
more than tenfold improvement in predicted low-cycle fatigue life
is due directly to the reduction of the thermally induced strain range
in the tubular channel design.

Discussion

This effort showed that the strain levels for the tubular chan-
nel were significantly lower than those for the rectangular channel.
Strain range was used to predict a significant increase in mission
life. The analyses predicted a reduction in strain range from 2.6%
in the rectangular channel to 1.05% in the tubular channel. Such a
dramatic reduction in strain range was expected to provide a ten-
fold increase in life by the “local-strain approach.” The test results,
however, only showed a two- to threefold increase in life.

Both analyses and tests showed that significant improvements in
life can be achieved by accommodating strain instead of resisting
it, but the amounts of improvement differed. This difference was
principally the result of our inability to accurately include all ef-
fects of the real environment. Because of this reality, only relative
comparisons could be made. The difference in life indicated by the
analyses and the tests was due primarily to two reasons. First, a
fatigue analysis was performed to estimate the lives of the tubu-
lar and rectangular channel designs. Thermal-mechanical ratchet-
ing, not fatigue, is the failure mode of these types of chambers.
But both fatigue and thermal-mechanical ratcheting are dominated
by the magnitude of the strain range. Therefore, it is reasonable
to assume that a fatigue analysis would provide a good, but not
exact, indicator of relative life improvement. Second, there was a
difference in operating versus assumed temperatures. The analyses
used a maximum wall temperature of 538°C for both chamber con-
figurations so that a direct comparison could be made. In testing
the two configurations it was difficult to achieve an exact temper-
ature of 538°C. The tubular channel was run slightly hotter than
the analysis temperature (on the order of 571°C). Consequently,
some of the potential improvement in durability because of a more
compliant geometry was offset by a higher temperature with at-
tendant higher rates of damage due to the probable introduction of
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cyclic creep strain. Furthermore, because of the nominally higher
temperature of the tubular channel, greater surface roughening was
observed. This phenomenon, known as blanching,!” escalated the
tubular wall temperature to an estimated value of 830°C at the time
testing was suspended. This additional increase in temperature of
the tubular channel chamber reduced its life even further relative
to both the tubular channel analysis and the experimental results of
the rectangular channel chamber. It is obvious from the results of
both the testing and analyses that a tubular channel geometry re-
duces the strain range and therefore increases the life of a rocket
thrust chamber.

Conclusions

Presently, advanced hydrogen—oxygen rocket combustion cham-
bers have a limited life due to thermal-mechanical fatigue and ratch-
eting. This ratcheting is a strong function of the material strength
and the strain range. In the past numerous attempts have been made
to extend the useful life of rocket combustion chambers by improv-
ing the chamber material strength. These efforts resulted in little
life improvement because the strain levels at the high heat fluxes
present in rocket combustion chambers are in the range 2 to 4%.
This level of strain is roughly an order of magnitude greater than
the yield strain of copper or copper alloys.

The work herein takes steps to dramatically improve combustion
chamber life by reducing the strain range the material experiences.
This reduction is accomplished by modifying the geometry of the
hot-gas-side surface of the combustion chamber. The tubular geom-
etry reduces the compressive strain, thus reducing the total strain
range and extending life.

The viscoplastic analysis, durability analysis, and test results re-
ported herein verified that the more compliant tubular construction
extends the life of the combustion chamber. The viscoplastic anal-
ysis found that the total strain range of the tubular channel was
reduced to 1.05% from 2.6% in the rectangular channel. The dura-
bility analysis found that the reduction in strain range could extend
the life of the combustion chamber by as much as 1000%. The test
results found that the compliant chamber extends life by 300%.

Appendix: Viscoplastic Model

The viscoplastic model® in the present work incorporates two in-
ternal state variables—a tensorial backstress B;; and a scalar drag
stress D. The kinematic, or flow-induced, anisotropic hardening is
incorporated through the backstress B;;, and the isotropic hardening
- isincorporated through the drag stress D. There is no yield surface in
the model, and it employs a small-deformation and smali-strain for-
mulation. The assumption of uncoupled dynamic and static recovery
terms provides a simpler mathematical structure for the model.

The total strain rate &; is assumed to be the sum of elastic &7},
inelastic &;7, and thermal 8,‘;‘ strain-rate components. This can be
written as

gy =EG+ENHES  (,j=1,2,3) (A1)
Note that the inelastic strain in a viscoplastic formulation includes
plasticity, creep, relaxation, etc., and their interactions.

The material is assumed to be isotropic, and Hooke’s law is used
to relate the stress rate 4;; to the elastic strain rate efj‘, that is,

& = —%—0ij — —Oudy; (A2)

Following the usual summation convention, the repeated subscripts
in the preceding equation and elsewhere imply summation.
We define the deviatoric stress §;; as

Sij = o3 — %Ukkfsij (A3)
Denoting the backstress as B;;, the effective stress Xj; is defined as

Xij =8y — By (A4)
The second invariant of effective stress J, is

=13, (AS5)

and the function F is defined by
F=(h/D) (A6)

The constitutive equations of the model now follow. We first de-
fine the thermal diffusivity function 6, which contains the tempera-
ture dependence of the model. It is given by

exp(—ic%), T4y > 0.5T,
0= (A7)

20 T,

in which @ is the activation energy, T, is the absolute temperature,
and T,, is the melting point of the material. o

The function Z, called the Zener—Hollomon parameter, has the
following expressions:

AF", F<l1
Z= (A8)
Aexp[n(F — 1], F>1

The flow law is now given by

po
&ij = ez-z’ (A9)

The differential equations governing the growth of the internal
state variables B;; and D are

. y B::
B = H(s}; - T”Iz) (A10)
and
. A
D= h[—- - Br(G):I (Al11)
G
where
L =6Z (A12)

In the above equations H, L, and % are inelastic material con-
stants. The constant L denotes the limiting value of the backstress
at kinematic saturation (Ref. 3).

The following expressions then define the recovery function r:

0, D = D()
r(G) = (A13)
R(G), D > Dy
AG™, Gzl
R(G) = (Al4)
AGlexpln(G-1)], G=1
and
L
G= 1
s—D (AL5)
The function r is constrained by the following dissipativity condi-
tion: ‘
>Z ! 2 F+ B} (Al6)
¥ - - et
- |G LD
where
B, =1B;;B;; C o (AlD

This condition must be satisfied for the theory to be thermodynami-
cally admissible. The material constants for this model characterized
for copper are listed in Table 1.
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